Homogeneous pseudo-Riemannian structures of linear type are reviewed and studied. In the Riemannian case, they furnish characterisations of the real, complex and quaternionic hyperbolic spaces. In the Lorentzian case, a related class gives characterisations of singular homogeneous plane waves.
1. Introduction and preliminaries
Introduction
The aim of the present article is twofold: On one hand, it is a survey paper on homogeneous pseudo-Riemannian structures of linear type; on the other hand, we give some new results on this topic.
Homogeneous Riemannian structures were defined by Ambrose and Singer [4] and further studied in depth by Tricerri and Vanhecke (see for instance [47] ), and then by other authors. There exist three basic geometric types, T 1 , T 2 , T 3 . This was extended to the pseudo-Riemannian case in [25, 26] . Later, homogeneous Kähler structures were defined and studied by Abbena and Garbiero in [1] and then by several authors. This time there are four basic types, K 1 , . . . , K 4 . Further, homogeneous quaternionic Kähler structures were introduced by Fino [21] , who gave a Lie-theoretical description of the five primitive classes, QK 1 , . . . , QK 5 , and then they were also studied in other papers ( [6, 12, 13, 14] ). In the sequel we shall simply denote the class T i ⊕ T j by T i j , the class K i ⊕ K j by K i j , and so on.
These three kinds of structures have provided for Riemannian signature a characterisation for each of the classical hyperbolic spaces. Specifically, the characterisation of the real hyperbolic space RH(n) by homogeneous Riemannian structures of type T 1 was given by Tricerri and Vanhecke in [47, Th. 4.3] (for the pseudo-Riemannian case see [26] ), that of the complex hyperbolic space CH(n) in terms of homogeneous Kähler structures of type K 24 was obtained in [24, Th. 1.1] , and that of the quaternionic hyperbolic space HH(n) by homogeneous quaternionic Kähler structures of type QK 123 (with nonzero projection to QK 3 ) was given in [14, Th. 1.1] .
Any of the classes T 1 , K 24 and QK 123 is called of linear type (cf. [14, 15] ), because the corresponding space is the space of sections of a vector bundle whose fibre dimension grows linearly with that of the base manifold in the three cases, that base manifold realising such a class in each of them.
As for the exceptional case of homogeneous Spin(9)-structures, which is in a sense the "octonionic" analog of the previous cases and so related to the Cayley hyperbolic plane OH (2) , and which we do not consider here, see Friedrich [22] (cf. also [11] ).
On the other hand, based on previous work by A. Montesinos Amilibia [39] , Meessen proved in [38] that a connected homogeneous Lorentzian space admitting a homogeneous structure of the related type T 13 is either a space of constant curvature or a singular homogeneous plane wave, if the structure is either nondegenerate or degenerate, respectively.
In the (strongly) degenerate pseudo-Kähler case, we similarly get recurrent spaces with isotropic associated vector field. These manifolds are known to be, in the pseudo-Riemannian case, related to gravitational waves (cf. for instance Söler [46] and references therein). Our result is the starting point for the study pursued in a paper in progress by Castrillón López and Luján [16] .
As for the contents, we study in §2 the pseudo-Riemannian case, in §3 we consider the pseudo-Kähler case, and the pseudo-quaternionic Kähler case is studied in §4. Among the new results, we obtain the following ones: Proposition 2.7, which gives a structure of linear type on the open unit ball model of RH(n); the classification Theorem 3.5 of homogeneous pseudo-Kähler structures; Proposition 3.11, which provides a structure of linear type on the open unit ball model of CH(n); Proposition 3.15, where we show that in the (strongly) degenerate pseudo-Kähler case the manifold is recurrent and hence its curvature tensor is harmonic; the classification Theorem 4.4 of homogeneous pseudo-quaternionic Kähler structures; Proposition 4.9, where the expression of the metric of constant quaternionic curvature on the Siegel domain model of HH(n) is given; and Proposition 4.10, furnishing a homogeneous quaternionic Kähler of linear type on the Siegel domain model of HH(n).
The possible pseudo-Kähler and pseudo-quaternionic Kähler analogues to Theorem 2.11 (where pseudo-Riemannian manifolds which admit nondegenerate homogeneous pseudo-Riemannian structures of linear type are characterised) remain as open problems. Finally, we summarise in §5 a few results for the case of Riemannian signature, giving Corollary 5.1, which includes a characterisation of classical noncompact rank-one Riemannian symmetric spaces among homogeneous Riemannian manifolds.
We adopt for the curvature tensor R of a linear connection ∇ of a pseudo-Riemannian manifold M, the conventions
The Ambrose and Singer equations
Let (M, g) be a connected, simply-connected, and complete Riemannian manifold. Ambrose and Singer extended in [4] the classical characterisation by Cartan [10] of Riemannian symmetric spaces as those connected, simplyconnected Riemannian manifolds with Levi-Cività parallel curvature tensor, ∇R = 0. They gave a characterisation for (M, g) to be Riemannian homogeneous in terms of a (1, 2) tensor field S such that the connection ∇ = ∇ − S satisfies the Ambrose and Singer equations ∇g = 0, ∇R = 0, ∇S = 0, (1.2) and it is called a homogeneous Riemannian structure. A thorough study of these structures was made by Tricerri and Vanhecke in [47] and a series of papers by them and their collaborators, and then by other authors. The manifold (M, g) above admits a homogeneous Riemannian structure if and only if it is a homogeneous Riemannian manifold. We recall that this means that M = G/H, where G is a connected Lie group acting transitively and effectively on M via isometries and H is the stabiliser group at a base point p ∈ M. Moreover, the Lie algebra g of G may be decomposed into a vector space direct sum g = h + m, where h is the Lie algebra of H and m is an Ad(H)-invariant subspace, i.e., Ad(H) m ⊂ m. As G is connected and M simply-connected, H is connected, and the latter condition amounts to [h, m] ⊂ m.
Conversely, let S be a homogeneous Riemannian structure on a connected, simply-connected, and complete Riemannian manifold (M, g). We fix a point p ∈ M and put m ≡ T p M. If R is the curvature tensor of ∇ = ∇ − S , we can consider the holonomy algebrah of ∇ as the Lie subalgebra of the Lie algebra of skew-symmetric endomorphisms of (m, g p ), generated by the operators R XY , where X, Y ∈ m. Then (Nomizu [41] , see also Ambrose and Singer [4] , Tricerri and Vanhecke [47] ), a Lie bracket is defined in the vector space direct sumg =h + m by
where we follow for R the convention (1.1).
The couple (g,h) is said to be the reductive pair associated to the homogeneous Riemannian structure S . The connected, simply-connected Lie group G whose Lie algebra isg acts transitively on M via isometries and M ≡ G/ H, where H is the connected Lie subgroup of G whose Lie algebra ish. The set Γ of elements of G which act trivially on M is a discrete normal subgroup of G, and the Lie group G = G/Γ acts transitively and effectively on M as a group of isometries, with stabilizer group H = H/Γ. Then, there exists a diffeomorphism ϕ : G/H → M and (M, g) is (isometric to) the reductive homogeneous Riemannian manifold (G/H, ϕ * g).
The pseudo-Riemannian case
We recall that, when extending Riemannian homogeneous spaces G/H to arbitrary signature, the problem arises that the stabiliser group can be noncompact, so the existence of an Ad(H)-invariant complement m ⊂ g to the Lie algebra h of H is not ensured (cf. Besse [8, 7.110] ). This can be solved by imposing some suitable condition (see for instance Shapiro [45] ) or directly supposing that the space is reductive homogeneous (cf. for example O'Neill [42, p. 310] ). In the present paper we consider homogeneous pseudo-Riemannian structures on homogeneous pseudoRiemannian manifolds. In [25, Th. 1] it is proved that a connected, simply-connected and geodesically complete pseudo-Riemannian manifold (M, g) admits a homogeneous pseudo-Riemannian structure S if and only if (M, g) is reductive homogeneous. Hence, in this case the considerations in Subsection 1.2 extend to any signature of the metric.
Remark 2.1. Since we are dealing with invariant connections, one includes effectivity in the definition of a reductive homogeneous space (cf. Kobayashi and Nomizu [33, p. 190 
]).
As for nonreductive homogeneous pseudo-Riemannian manifolds see for instance Fels and Renner [19] , Figueroa O'Farrill, Meessen and Philip [20] , and Dušek [18] .
In [25] the following definition is given Definition 2.2. A homogeneous pseudo-Riemannian structure on a connected pseudo-Riemannian manifold (M, g) is a (1, 2) tensor field S on M such that the Ambrose and Singer equations (1.2) are satisfied.
We also denote by S the associated tensor field of type (0, 3) on M defined by S XYZ = g(S X Y, Z). Then, the condition ∇g = 0 in (1.2) is equivalent to S XYZ = −S XZY for all vector fields X, Y, Z on M.
The classification of homogeneous strictly Riemannian structures was obtained by Tricerri and Vanhecke in [47] by using some representation theory of the orthogonal group. We now consider the general pseudo-Riemannian case.
The general pseudo-Riemannian case
Let (V, , ) be an n-dimensional pseudo-Euclidean vector space of signature (r, s), r + s = n. Then (V, , ) is the model for each tangent space T p M, p ∈ M, of a pseudo-Riemannian manifold (M, g) of dimension n and signature (r, s), with the scalar product defined by the pseudo-Riemannian metric g on M. Consider the vector space T (V) of (0, 3) tensors on (V, , ) satisfying the same symmetries that a homogeneous pseudo-Riemannian structure, i.e.,
The standard representation of SO(r, s) on V induces the representation of SO(r, s) on T (V) given by
Moreover, the scalar product in V induces in a natural way a scalar product in T (V) given by
ε i ε j ε k S e i e j e k S e i e j e k ,
for any orthonormal basis {e 1 , . . . , e n } of V, that is, e i , e i = ε i , with ε i = −1 if 1 ≤ i ≤ r, and
Using some representation theory of the pseudo-orthogonal group SO(r, s), one can then (see [26, Th. 
where c 12 (S )(Z) = n i=1 ε i S e i e i Z , for any orthonormal basis {e i } of V. One has that dim
Definition 2.4. A homogeneous pseudo-Riemannian structure S on the pseudo-Riemannian manifold (M, g) is said to be of class
Note that the dimension of the vector space T 1 (V) grows linearly with the dimension of the manifold. This phenomenon appears again in the pseudo-Kähler and pseudo-quaternionic Kähler contexts, and the purpose of the present paper is to study some questions on this kind of structures. We shall omit in the sequel the definitions similar to 2.4 for the other cases under study. We have the next Definition 2.5. A homogeneous pseudo-Riemannian structure S on (M, g) is said to be of linear type if S is of class T 1 .
A homogeneous pseudo-Riemannian structure S on (M, g) is of class T 1 if and only if there exists a vector field ξ on M such that
If S is the (1, 2) tensor field on M given by (2.3), and ∇ = ∇ − S , where ∇ is the Levi-Cività connection of g, then the condition ∇g = 0 is automatically satisfied, and the condition ∇S = 0 is equivalent to ∇ξ = 0, that is to the condition 
of RH(n), equipped with the metric g of constant curvature c < 0, as Now, the inversion of R n of pole (−1, 0, . . . , 0) and modulus 2 provides a diffeomorphism ϕ between the open unit ball
In the 2-dimensional case, ϕ is a variant of the Cayley transform c(z)
on B n . The corresponding vector field on B n defining S is ξ B n = (ϕ −1 ) * ξ, and we have
The open unit ball model (B n , ϕ * g) of RH(n) with negative constant curvature c, admits a homogeneous Riemannian structure of linear type defined by the vector field
In order to obtain the description of H n as a homogeneous space from the homogeneous Riemannian structure S given by (2.3), with ξ in (2.4), we consider a point p ∈ H n , m ≡ T p (H n ), andg =h + m, whereh is the holonomy algebra of ∇ = ∇ − S . Consider the vector fields
and
. . , E n . Then, the connection ∇ = ∇ − S is flat and hence its holonomy algebrah is trivial. Thus,g = m, and if we putẼ i = (E i ) p , for i = 1, . . . , n, the structure of Lie algebra ofg = m is given (see (
Theng can be identified with a semidirect product R R n−1 , and the connected simply-connected Lie group having Lie algebrag is the solvable Lie group G = R + σ R n−1 , semidirect product of the additive group R n−1 and the multiplicative group of positive real numbers R + under the homomorphism σ :
Moreover, the Lie group G, equipped with the left-invariant metric defined by Remark 2.8. The vector field on G determined by −cẼ 1 defines a homogeneous Riemannian structure of linear type on ( G, , ).
Nondegenerate and degenerate cases
We now recall some definitions and results given in [26] .
Definition 2.9. Let S be a homogeneous pseudo-Riemannian structure of linear type on a connected pseudo-Riemann-
We have Proposition 2.10. Let (M, g) be a connected pseudo-Riemannian manifold admitting a nondegenerate homogeneous structure of linear type defined by a vector field ξ. Then (M, g) has constant sectional curvature c = −g(ξ, ξ). Theorem 2.13. Let (M,ḡ) be a connected pseudo-Riemannian manifold of dimension n+2, which admits a degenerate homogeneous structure of type T 1 . Then (M,ḡ) is locally isometric to R n+2 with the pseudo-Riemannian metric
where b and h are symmetric bilinear forms in R n , h is nondegenerate, x is the position vector in R n and u, v are the coordinates of R 2 .
Moreover, B. de Leo and R. A. Marinosci have studied in [17] the degenerate homogeneous pseudo-Riemannian structures of type T 23 , naming them special homogeneous pseudo-Riemannian structures: Let S be a homogeneous pseudo-Riemannian structure on an n-dimensional connected pseudo-Riemannian manifold (M, g). Let ξ be vector field on M defined by (n − 1) ξ = n i=1 ε i S e i e i , for any local orthonormal basis {e i }, i = 1, . . . , n. Then S is called special if g(ξ, ξ) = 0. They obtain several results on this kind of structures.
Lorentz signature. Singular homogeneous plane waves
Meessen specialised in [38] to Lorentzian signature, and noted that (2.5) is the equation of a singular homogeneous plane wave. In fact, as this author recalls, a global coordinate system for such plane waves can be given by the data
where the metric is defined by η +− = 1 and η i j = δ i j . This class of metrics admits a homogeneous structure given by the components
which corresponds to a degenerate T 13 structure. He also recalls that this expression of the metric is related to the one in Blau and O'Loughlin [9, (2.51)] by the transformations
Meessen posed himself the problem of whether the converse to the previous result holds true, answering it in the affirmative. His conclusions can be stated as Theorem 2.14.
(1) A connected homogeneous Lorentzian space admitting a nondegenerate T 13 structure is a space of constant curvature.
(2) The underlying geometry of a singular homogeneous plane wave is that of a connected homogeneous Lorentzian space that admits a degenerate T 13 structure.
The pseudo-Kähler case
If (M, g) is a pseudo-Riemannian manifold and J an almost complex structure on M such that g(JX, JY) = g(X, Y), then (M, g, J) is called an almost pseudo-Hermitian manifold. If, moreover, ∇J = 0, then we say that (M, g, J) is a pseudo-Kähler (or indefinite Kähler) manifold. Remark 3.2. The term "pseudo-Kähler" appears in the literature with more than one sense (cf. for instance Huckleberry [29] ). Our choice in the present paper is intended to unify the prefix "pseudo-" before the words Riemannian, Kähler or quaternionic Kähler.
Sekigawa proved in [44] that a connected, simply-connected and complete almost-Hermitian manifold (M, g, J) is homogeneous if and only if it admits a homogeneous almost-Hermitian structure, i.e., a (1, 2) tensor field S satisfying the Ambrose and Singer equations (1.2) and ∇J = 0. If the almost-Hermitian manifold (M, g, J) is Kähler, S is also called a homogeneous Kähler structure. Now, if the manifold is reductive homogeneous, Sekigawa's arguments extend to the almost pseudo-Hermitian case since reductivity guarantees (cf. [26, (5) ]) the possibility of a choice similar to that made by Sekigawa [44, p. 210 ] of an orthogonal complement to the vertical subspace of this case, with respect to a suitable metric on the bundle of pseudo-unitary frames over M.
Then we have Let (V, J, , ) be a 2n-dimensional pseudo-Hermitian vector space of signature (2r, 2s), r + s = n, that is, J 2 = −I, JX, JY = X, Y , X, Y ∈ V, where I denotes the identity isomorphism of V. Such a space is the model for the tangent space at any point of an almost pseudo-Hermitian manifold, in particular a pseudo-Kähler manifold.
Consider the space of tensors
The standard representation of U(r, s) on V induces a representation of U(r, s) on T (V) given by
Moreover, the scalar product in V induces in a natural way the scalar product in T (V) given by
ε i ε j ε k S e i e j e k S e i e j e k , 
X, Y, Z ∈ V, where c 12 is defined by c 12 (S )(Z) = 2n i=1 ε i S e i e i Z , for X ∈ V; {e 1 , . . . , e 2n } denotes an arbitrary orthonormal basis of V; and
Then we have dim
Proof. According to [7, Th. 3] , the group U(r, s), for any couple (r, s) with r + s = n, can be the holonomy group of a pseudo-Kähler manifold of suitable signature. Moreover, according to [23, pp. 433 , 439] (cf. also [49, pp. 65, 66] , [5, p. 217] ) the representation theory of the group U(r, s) is similar to that of U(r + s).
As for orthogonality, consider the operator L :
2 S YZX + S ZXY + S JY JZX + S JZXJY , as that defined in Abbena and Garbiero [1] . Then, K 12 and K 34 are the eigenspaces corresponding to the two eigenvalues +1 and −1 of L • L, respectively. From this, their orthogonality is immediate. In turn, the zero trace condition for the classes K 1 and K 3 added to the common condition for each of K 12 and K 34 implies, as some easy calculations show, the orthogonality of QK 1 and QK 2 , and that of QK 3 and QK 4 , with respect to the scalar product (3.2), respectively.
Consequently, Abbena and Garbiero's Theorem [1, Th. 2.1] extends to any signature (2r, 2s) of the metric.
The irreducible subspaces of K(V) + whose dimensions grow linearly with dim V are K 2 and K 4 . We then give the following definition similar to 2.5. The whole space of linear structures K 24 can be written as
Denote by ξ the vector field on M dual to the 1-form θ = θ 1 + θ 2 and by ζ the vector field dual to the 1-form θ 1 − θ 2 , both with respect to the metric. If S ∈ K 24 then
Now, if S is the (1, 2) tensor field on M defined by (3.4), when ξ and ζ are arbitrary vector fields on M, and ∇ = ∇ − S , then the conditions ∇g = 0 and ∇J = 0 of a homogeneous pseudo-Kähler structure are automatically satisfied, and the condition ∇S = 0 is equivalent to ∇ξ = 0 and ∇ζ = 0. Indeed, we have 
Since ∇ξ = 0 is equivalent to ∇ X ξ = S X ξ, from Proposition 3.7 it follows 
Riemannian signature
In the Kähler case, the following result was proved in [24] .
Theorem 3.9. A connected, simply-connected, irreducible homogeneous Kähler manifold admits a nonvanishing Kähler homogeneous structure in the Abbena and Garbiero class K 24 if and only if it holomorphically isometric to CH(n).
We now give two realisations of a nonvanishing homogeneous Kähler structure of linear type, namely, on the open unit ball and Siegel domain models of CH(n).
Structures of linear type on the open unit ball and Siegel domain models of CH(n)
Consider the open unit ball in
equipped with the Hermitian metric (see Goldberg [27, p. 227 
with c < 0. The matrix expression of h is given by
We can write h = g + iω, where g is the Riemannian metric and ω is the Kähler form. If we consider the real coordinates (x 1 , . . . , x n , y 1 , . . . , y n ) on D n defined by z k = x k + iy k , then g = Re(h), ω = Im(h), and the complex structure J on D n such that ω(X, Y) = g(X, J Y), are given by
The almost-Hermitian manifold (D n , g, J) is a connected, simply-connected complete Kähler manifold of constant holomorphic sectional curvature c, that is, it is a model of negative constant holomorphic sectional curvature.
Consider now the Siegel domain
and the holomorphic diffeomorphism ρ :
The Hermitian metric h + = ρ * h induced by h on the Siegel domain D + is
This can be also expressed as the matrix
. . , n, the corresponding Riemannian metric g + and complex structure J + = ρ −1 · J can be written as
Then for the Levi-Cività connection of g + we have
From these equations, it follows that the vector field
on D + satisfies (3.7) for any vector field X. If we consider the (1, 2) tensor field on D + given by (3.6) , that is Figure 2 : The vector field ξ on the Siegel domain model of CH(n). 10) we have that ∇ = ∇ − S is a metric connection and, since (D + , g + , J + ) has constant holomorphic sectional curvature, then ∇R = 0, so that by Proposition 3.8, S is a homogeneous Kähler structure on (D + , g + , J + ). We have thus proved 
Remark 3.12. The corresponding holomorphic sectional curvature equals c = − 4 ξ 2 for both ξ and ξ D n above. The same equality holds true in the quaternionic Kähler case for quaternionic sectional curvature and the similar vector fields.
Remark 3.13. Differently to the case of RH(n), the holonomy algebra of the connection ∇ = ∇ − S (for S on D + defined now by (3.10)) is nontrivial, then S does not provide the description of CH(n) as a solvable Lie group. In fact, the solvable description of CH(n) is not of linear type (cf. [15, Sect. 4.2 and Th. 4.4]).
The degenerate cases
Differently to the pseudo-Riemannian case, we now have two structure vector fields to play with, ξ and ζ, so this time one has several subcases. We consider the three seemingly more interesting. Definition 3.14. A homogeneous pseudo-Kähler structure S of linear type on a connected pseudo-Kähler manifold (M, g, J) is said to be:
(i) weakly degenerate if ξ is isotropic, ζ is nonisotropic, and ζ ∈ Span(ξ, Jξ) ⊥ . (ii) degenerate if ξ and ζ are both isotropic, and ζ ∈ Span(ξ, Jξ)
⊥ . (iii) strongly degenerate if ξ is isotropic and ζ = 0.
Then we have
Proposition 3.15. Let (M, g, J) be a connected pseudo-Kähler manifold with dim M = 2n, n ≥ 2, equipped with a homogeneous pseudo-Kähler structure S of linear type. Then:
(1) If S is weakly degenerate, then
(2) If S is degenerate, then R ξX ξ = R ζX ξ = R ξX ζ = R ζX ζ = 0.
(3) If S is strongly degenerate, the manifold is recurrent (hence harmonic), with
where the recurrence parameter 1-form 4θ is closed.
Proof. Suppose that ξ is isotropic and ζ ∈ Span(ξ, Jξ) ⊥ . By Proposition 3.7 we have ∇ X ξ = S X ξ and ∇ X ζ = S X ζ, then (see (3.4) )
Thus, as computation shows, we have (1) and (2) are immediate from (3.12) and (3.13). As for (3), we have ζ = 0 and then
(3.14)
If θ is the 1-form dual to ξ with respect to the metric, we have ∇θ = θ ⊗ θ − (θ • J) ⊗ (θ • J), and thus dθ = 0. From (3.14) we also get
On the other hand, the second equation of Ambrose and Singer in (1.2) may be written in general as
so in our case, due to (3.6) and (3.15), one has From Proposition 3.15, one can obtain the local canonical expressions of the corresponding pseudo-Kähler structures and some consequences. These results will appear in M. Castrillón López and I. Luján [16] .
The pseudo-quaternionic Kähler case
We now consider the pseudo-quaternionic Kähler case.
The general pseudo-quaternionic Kähler case
Let (M, g, υ 3 ) be an almost pseudo-quaternionic Hermitian manifold with dim M ≥ 8, where υ 3 stands for the rankthree structure subbundle of the bundle of endomorphisms T 1 1 (M), which admits a local basis in a neighbourhood of each point of the form
a=1 ω a ∧ ω a is known to be a globally defined 4-form on M, called the canonical 4-form of (M, g, υ 3 ). If ∇ is the Levi-Cività connection of the metric g, the manifold is said to be pseudo-quaternionic Kähler if one has locally that 
where ρ = j E ⊗ j H is the standard Sp(r, s)Sp(1)-invariant real structure of E ⊗ H, which is the product of the invariant quaternionic structures j E and j H of the factors E = C 2n = H n and H = C 2 = H. We give the Definition 4.1. A pseudo-quaternionic Kähler manifold (M, g, υ 3 ) is said to be a homogeneous pseudo-quaternionic Kähler manifold if it admits a transitive and effective group of isometries which preserve the structure bundle υ 3 .
Then we have the following Corollary to Kiričenco's Theorem [31] (see also [4, 21] ). 
and the cyclic conditions in (1, 2, 3 ), for certain differential 1-forms θ a , a = 1, 2, 3. These, besides the condition S XYZ = −S XZY , are the symmetries satisfied by a homogeneous pseudo-quaternionic Kähler structure S .
Let (V, , , J 1 , J 2 , J 3 ) be a pseudo-quaternionic Hermitian vector space of dimension 4n and signature (4r, 4s), r + s = n; that is, the operators J 1 , J 2 , J 3 , satisfy the same conditions as the purely imaginary quaternions i, j, k and J a X, J a Y = X, Y , a = 1, 2, 3. Such a space V is the model for the tangent space at any point of an almost pseudoquaternionic Hermitian manifold of signature (4r, 4s), in particular of a homogeneous pseudo-quaternionic Kähler manifold of such a signature.
and its vector subspace QK(V) + defined by
Any homogeneous pseudo-Riemannian structure on M with a metric of suitable signature belongs to the space T (T p M) pointwise, whereas homogeneous pseudo-quaternionic Kähler structures are pointwise in QK(T p M) + . Then one can prove that QK(V) + = QK(V)ˇ+ ⊕ QK(V) + , where Moreover, the scalar product in V induces in a natural way the scalar product in QK(V) + given by
ε i ε j ε k S e i e j e k S e i e j e k , (1), and mutually orthogonal with respect to the scalar product (4.5):
ε r T e r e r Z = 0
for any orthonormal basis {e i } of V. Moreover, we have dim
Proof. According to [7, Th. 3] , the group Sp(r, s)Sp(1), for any couple (r, s) with r + s = n, can be the holonomy group of a 4n-dimensional pseudo-quaternionic As for orthogonality, consider first Θ ∈ QK(V)ˇ+, T ∈ QK(V) + . Taking an orthonormal basis of V of the form
..,n , we have that
Let now Θ ∈ QK 1 and Θ ∈ QK 2 . Then, with a basis as above, the previous notations and letting ξ = θ , we have
ε i ε j ε k Θ e i e j e k Θ e i e j e k = 4n i, j,k=1
but this is zero if and only if Then the subspaces QK 34 and QK 5 correspond to the two eigenvalues 2 and −4 of the map L • L, respectively, from which their orthogonality is immediate. Finally, that QK 3 and QK 4 are orthogonal comes from the zero trace condition added for QK 4 to the common defining condition for QK 34 For S ∈ QK 123 , we have locally that
with ξ and ζ a the vector fields metrically dual to the one-forms θ and θ a in Theorem 4.4, respectively. If the structure S in nondegenerate, that is g(ξ, ξ) 0, by using arguments similar to those in [14, §4] , we have that ζ a = 0, a = 1, 2, 3, so that a nondegenerate homogeneous pseudo-quaternionic structure of linear type is given by
Now, if S is a (1, 2)-tensor field on M which satisfies (4.6) then the conditions ∇g = 0 and (4.3) (with θ a = 0) of a homogeneous pseudo-quaternionic Kähler structure on (M, g, υ 3 ) are satisfied. Moreover, we have
If dim M ≥ 8 we can consider an arbitrary vector field W on M, and we can take locally a nonisotropic vector field Y orthogonal to Span{W, J a W} a=1,2,3 , so that by (4.7), we have g((
, then the equation ∇S = 0 is equivalent to ∇ξ = 0, that is, to ∇ X ξ = S X ξ, and we have Proposition 4.6. Let (M, g, υ 3 ) be a connected pseudo-quaternionic Kähler manifold with dim M ≥ 8. If S is a (1, 2) tensor field on M satisfying (4.6), then S is a nondegenerate homogeneous pseudo-quaternionic Kähler structure of linear type on (M, g, υ 3 ) if and only if
and ∇R = 0, with ∇ = ∇ − S , ∇ being the Levi-Civita connection of g.
We now consider the case of Riemannian signature. We now give two realisations of such a structure, namely, on the open unit ball and Siegel domain models of HH(n).
Structures of linear type on the open unit ball and Siegel domain models of HH(n)
Consider the open unit ball in H n ,
equipped with the metriĉ
This gives the Riemannian metriĉ
Then, it can be proved (see Watanabe [48, p. 134] ) that (E n ,ĝ, υ 3 ) is a quaternionic Kähler manifold with constant quaternionic curvature c. Since E n is connected and simply-connected, andĝ is complete, (E n ,ĝ, υ 3 ) is a model of negative constant quaternionic curvature. Now, we consider the Siegel domain E + in H n ,
Then E + and E n are related by the Cayley transform ψ : E n → E + given by 10) and the inverse transformation is 
so that (E + , g E + , υ 
Remark 4.12. Similarly to CH(n) (see Remark 3.13), the homogeneous structure S now defined by the vector field ξ on E + in (4.11) does not give the description of HH(n) as a solvable Lie group. A description of HH(n) as a solvable group can be given by a homogeneous quaternionic Kähler structure of type QK 134 (see [14, Prop. 5.3] ).
Remark 4.13. As some calculations show, in the pseudo-quaternionic Kähler case there is no a strict analog to the strongly degenerate case in Proposition 3.15, (3). This is due to the fact that a property similar to R JXYZW +R XJYZW = 0, fulfilled in the pseudo-Kähler case, is no longer satisfied in the pseudo-quaternionic Kähler case and one has instead that R J a XYZW + R XJ a YZW + R XY J a ZW + R XYZ J a W = 0, a = 1, 2, 3.
The study of its consequences in this context remains as an open problem.
Classical noncompact rank-one Riemannian symmetric spaces among homogeneous Riemannian manifolds
Summarising some of the previous results and a few well-known others for the case of Riemannian signature, we have Corollary 5.1. Let M be a connected, simply-connected, complete Riemannian manifold with holonomy group H, let V be the tangent space representation of H and h the Lie algebra of H. Then:
(i) M admits a nonvanishing homogeneous Riemannian structure S with nonexceptional holonomy H and S in the isotypical summand of V ⊗ h if and only if H is the holonomy of a classical rank-one symmetric space and M is isometric to the corresponding classical rank-one Riemannian symmetric space of noncompact type.
(ii) The homogeneous structures of linear type on RH(n), CH(n), HH(n), can be realised by the homogeneous models AN, U(1)AN/U(1), and Sp(1)AN/Sp(1), where AN stands for the solvable part of an Iwasawa decomposition of the full isometry group SO(n, 1), SU(n, 1), Sp(n, 1), respectively.
(iii) Consider the Poincaré half-space model of RH(n) (resp. Siegel domain model of CH(n), HH(n)), with y the respective distinguished real coordinate, and let y − (ii) The case of homogeneous structures of type T 1 on RH(n) was proved by Tricerri and Vankecke [47] (see also [15, 3.1] ), that of homogeneous Kähler structures of class K 24 on CH(n) was shown in [15, Th. 4.4] ), and that of homogeneous quaternionic Kähler structures S of type QK 123 with nonzero projection to QK 3 (actually S ∈ QK 3 , see [14, Th. 1.1]) on HH(n) was obtained in [14, Th. 5.4] .
